The planar Navier-Stokes equations with periodic boundary conditions are shown to have a nearby asymptotically stable attracting set whenever a Galerkin approximation involving the eigenfunctions of the Stokes operator has such an attracting set, provided the approximation has sufficiently many terms and its attracting set is sufficiently strongly stable. Lyapunov functions are used to characterize the stability of these attracting sets, which are compact sets of arbitrary geometric shape. This generalizes earlier results of Constantin, Foias and Temam and of the author for asymptotically stable steady solutions in the NavierStokes equations and such Galerkin approximations.
Introduction
In many numerical and theoretical studies in fluid dynamics, particularly in meteorology and oceanography, simpler truncated systems, called Galerkin approximations or spectral systems, are studied instead of the full system of partial differential equations. These are finite dimensional systems of ordinary differential equations, usually only with linear and quadratic terms, which are obtained by truncating infinite the Navier-Stokes equations linearized about steady solutions. Such a simple spectral theory is not available for more complicated attracting sets such as periodic or almost periodic solutions, let alone for strange attractors. There is however an extensive theory, presented in, for example, Yoshizawa [6] , in which the stability of an attracting set is characterized in terms of Lyapunov functions. This was used by Kloeden [3] to obtain a result similar to that of Constantin, Foias and Teman [7] for steady solutions of the Navier-Stokes equations and their Galerkin approximations. More recently Wells and Dutton [5] have used Lyapunov functions for quite generally shaped attractors that bifurcate from a steady solution. In this paper we consider compact attracting sets of arbitrary geometric shape and origin. We show that if a Galerkin approximation to the planar Navier-Stokes equations with periodic boundary conditions has an asymptotically stable attracting set, then the Navier-Stokes equations has a nearby asymptotically stable attracting set provided the Galerkin approximation has sufficiently many terms and its attracting set is sufficiently stable.
In section 2 we present necessary background material on the NavierStokes equations and their Galerkin approximations and in section 3 we outline the Lyapunov theory for compact attracting sets. In particular we state a theorem from Yoshizawa [6] stable set in an autonomous system of ordinary differential equations.
Our main result is stated and proved in section 4. Our proof makes full use of the properties of a Lyapunov function characterizing the assumed asymptotic stability of a Galerkin approximation. Finally in the appendix we establish a bound on certain terms of appearing in the proof of our main result.
Preliminaries
W e consider the Navier-Stokes equations on the unit square spatial
with periodic boundary conditions In this paper we restrict attention to time-independent forcing terms f , which we assume belong to the space V . The crucial a priori estimate is then P . E . Kloeden
Defining u = P u and q = Q u , we can consider the NavierStokes equations (2.3) as a system on the finite-dimensional space P V coupled with a system on the infinite-dimensional space Q V : . We note that the various priori estimates such as (2.6) and (2.7), for the Navier-Stokes equations are also valid for any nth-order Galerkin approximation, so a l l solutions of (2.11) will be attracted to the subset P k and remain there. The solutions of the corresponding system of differential equations in JFT will thus be attracted to, and remain in, the compact subset of JUT corresponding to P A , namely { U e JR n ; T W ^s f \y. ± Kp . .
Asymptotically stable attracting sets
We consider an autonomous system of ordinary differential equations We note here that
where the infimum is actually attained for a compact set Y .
Main result
The main result of this paper is to show that when a sufficiently high order Galerkin approximation of the Navier-Stokes equations has a uniformly asymptotically stable compact attracting set, then the Navier- here, is that it extends naturally to more complicated attracting sets for which the spectral properties may not be so apparent. There is however a coupling between the size of the Galerkin approximation and the stability characteristics of its attracting set, which will be revealed in the proof of the theorem.
THEOREM 4.1 Suppose that f c V and that A is a nonempty compact subset of P H which is uniformly asymptotically stable for the nth-order Galerkin approximation of the two-dimensional Navier-Stokes equations with periodic boundary condition. In addition suppose that the eigenvalue X of the corresponding Stokes operator is sufficiently large in comparison with the stability characteristics of A (as specified in the proof).

Then there exists a nonempty compact subset A of H which is uniformly asymptotically stable for the Navier-Stokes equations and is close to A^ in the Hausdorff metric relative to the H-norm.
Proof.
We identify the nth-order Galerkin approximation (2.11) with a vector differential equation ( and set u (.£) = P u(t) , q (£). = Q u(t) . We can then consider u (t) as
a solution of the first system of (2.10)
in P H corresponding to a given forcing term q (t) . Identifying y e IR with the coordinates of u in P H and G{y f t) with those of
we may regard (4.1) as the perturbation dy
(.4.3) gj = F(y) + G(y,t)
of the appropriate equation (3.1).
We use the Lyapunov function V for the unperturbed system (3.1) to investigate the stability and boundedness properties of the system (4.3)
for an arbitrary, continuous perturbation G • This requires the perturbation G to be sufficiently small so that the solutions of (4. 
for 0 < t < T , where we have used (4.7) and the definition of r .
By the continuity of V and y we thus have at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0004972700004482
which contradicts the fact that
Hence no such T exists and y (£) e S{Y -,R ) for all t > 0 .
We now strengthen inequality (4.7) to
. , so that n < V-, min {r-.atr.)} . We W+l z U U claim that the nonempty compact subset l n = iy e IR n ;V(t/) ^ n> , which contains 7 = {y e J?f ;7(z/) = 0 } in its interior, is uniformly asymptotically stable for the perturbed system (4.3) as long as the perturbation G satisfies the bound (4.6) and as long as n is large enough for (4.9) to be satisfied. Our proof is adapted from that of Theorem 25.3 of Yoshizawa [6] . < -a n + j Q n = --a n , so any solution yit) of (4.3) s t a r t i n g in Y must remain in Y , t h a t i s Y i s i n v a r i a n t under (4.3). Moreover for y e Y , we have
Hence Y £ Y £ S(Y ;a (n)) and as a in) " * " 0 for n •* 0 , we have n n n Y n close to Y n in the Hausdorff metric on compacta.
Suppose that a solution y(t) of (4.3) with initial value !/" e S(J ,-r_) does not belong to J . Then 7(j/(t)) > n and from (4.10) < -j o n t + 3(6^ + a~1(n)) , which is no greater than n for t £ T* = 2(g(r_) -n)/e n , where T* > 0 1 as n S -a(r.) < 3(*Vn) . Hence for any e > 0 we certainly have . Finally, the restriction to A can be lifted on account of inequality (2.6) and an analogous inequality to (2.7).
Apart from the proof of the auxiliary estimate (4.6) , which is given in the appendix, this completes the proof of Theorem 4.1.
There are several points that need to be made about the attracting set A in the above theorem. More than likely it will not be minimal attracting set for the Navier-Stokes equations, but will contain such a set. (As a simple illustration, any set [-e,e] is a uniformly asymptotically stable attractor for the differential equation x = -x , yet only the subset {0} is the minimal attractor) . In the simple case where the attractor in the Galerkin approximation is a steady solution, both Constantin, Foias and
Temam [7] and Kloeden [3] have shown that the Navier-Stokes equations have a nearby attracting steady solution. For more complicated types of a attractors such as periodic orbits, the attractor in the Navier-Stokes equations need not be of exactly the same form, though as we can see from the construction of A , it will be close (for example, in a thin tube about the original periodic orbit). Methods other than considered here will be needed to clarify the exact form of the minimal attractor contained in A . Finally, we note that expressions (4.7) and (4.9) involve a coupling between the size of the eigenvalue X . and the stability characteristics of the n-th order Galerkin approximation, namely e^, L^, a^R^) , rê tcetera which we now label with the subscript n . These quantities may change as n changes, so there is not a priori guarantee that (4.7) and (4.9) can be made to hold simply by taking a larger value of n . The problem here is that the successively higher order Galerkin approximations may have progressively weaker attracting strength, so that in the limit there is no attraction at all. Constantin, Foias and Temam [7] show that this cannot happen in the case of an asymptotically stable steady solution.
We do not believe that it can happen in the general case, but are unable to provide a proof. (This problem does not occur in the converse situation where the Navier-Stokes equations are assumed to have an asymptotically stable attracting set and it is to be shown that sufficiently large
Galerkin approximations have a nearby asymptotically stable attracting set;
here the stability characteristics of the original attractor are fixed and do not depend on the particular approximation being considered.)
Appendix: Uniform bound on the perturbations G
We need now to establish the uniform bound (4.6) on the perturbations G, which was used in the proof of Theorem 4. where we have used t h e g e n e r a l i z e d Poincare 1 i n e q u a l i t i e s (4.4) and (4.5) and t h e f a c t t h a t u e A
